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1. INTRODUCTION

Convex functions have a long and illustrious history. The background of convexity theory can be traced all the way back
to the end of the nineteenth century. Convex theory provides us with appropriate guidelines and techniques to focus
on a broad range of problems in applied sciences. It has been widely acknowledged in recent years that mathematical
inequalities have contributed to the development of various aspects of mathematics as well as other scientific disciplines.
The term invex function first time examined by Hanson [1]. Mond and Weir [2] explored the notion of preinvexity.
The analysis of the preinvex and invex theory utilizing the bifunction by Mond and Ben-Israel [3] can be discussed as
meaningful addition to the optimization field.

The aim and novelty of this work are to introduce a novel form of H-H type integral inequality via preinvexity in the frame
of ¥ — RLFIO. Further, we are to construct some refinements of H-H type integral inequality via WY-RLFIO..

2. PRELIMINARIES
In this part, we remember some basic concepts required for this manuscript.
Definition 2.1 ([4]). Let A C R" be invex with respect to T1(., .), if

7 + 0ll(x,701) € A,
Vi, e Aandd € [0,1].
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Definition 2.2 ([S]). LetI1: A X A X (0,1] —» R" and A C R". Then A is m—invex with respect to 11, if
mey + 011(zy, 02, m) € A

holds Y ¢1,0p € A,me (0,1]and 6 € [0, 1].

Example 2.1 ([5]). Suppose m =}, A = [Z,0) (0, 3] and

mcos(zp —71)  if 11 €(0,%],7 € (0, g];

—mcos(xa —p1) if v €[F,0),22 €[F,0);

mcos(r1) if v1 €(0,3],22 € [F,0);

—mcos(z;) if 11 € [-3,0),2 € (0, 3].

H(z2, 21,m) =

Then, A is an m—invex set but not convex ¥ ¢ € [0, 1].

Definition 2.3 ([2]). LetI1: A X A — R" and A C R". Then © : A — R is preinvex with respect to I1 if

O +pll(r,1) < pO@) + 1-9)O(x) , Yo, e A, pel0,1].

Definition 2.4. [6] Let 1 : A X A X (0,1] » R" and A C R". Then © : A — R is generalized m-preinvex with respect
to I if
O(mzy + pll(z1, 22,m)) < 9O (21) + m (1 = ) O (1), (1)

holds for every 1,7 € A, m € (0,1] and p € [0, 1].
Condition C: Let A C R is an open invex subset with respect to IT : A X A — R. We say that the function IT satisfied
the condition C, if for any ¢,z € A and ¢ € [0, 1],

M@y, + 9 (e, 0) = —p H(x,71)

(0 + 9 (2, 11)) = (1 —9) (2, 01).

For any ¢1,%, € A, 91,92 € [0, 1], then according to the above equations, we have
Iz + 92 (22, 71), ©1 + 91 (22, 11)) = (92 — 1) [ (x2,21) .

This Condition is very important in the optimization and creation of the theory of inequalities (see [7, 8]).

The following extended Condition C in the frame of m-preinvexity was also discussed by Du et.al in [9].

Extended Condition C: Assume that A C R an open invex subset w.r.t. IT : A X A X (0, 1] — R. We say that the function
IT satisfied the Extended Condition C, if for any ¢1,7; € A, ¢ € [0, 1], we have

(2, mey + p Il (21, 02,m),m) = —p (x1,0,m)
M(zy,mey + 9 I (21,00,m),m) = (1 —p) I(z1,20,m)
H(Z],Z2, m) = -II ('ZQ,Z],m).

Theorem 2.1. [10] Assume that p > 1 and % + %] = 1. Assume thats ¥{,%¥Y, : [x1, x2] — R are such that ||’ and |¥,|?
are integrable on [x1, x]. Then

1 1 1 1 1
fo |01 (X) Oz (x)ldx < ( fo 101 (x)Pdx)” ( fo |Ox(x) )"

Definition 2.5. [11] Let (z1,%)(—00 < 7] <ty < ) be an interval of the real line R and a > 0. Also let Y(w) be positive

monotone and increasing function on (1,2, having a continuous derivative /' (w) on (z1, t2]). Then y-R-LFIO is given
by:

| o
120w = s f W W) — )™ O,

1 2
f ¥ (W) — yw)* ' O(uydp,

I:,"/’@(w) )

respectively.
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3. H-H INEQUALITY VIA Y-RLFIO
Here, we investigate a novel form of H-H-type inequality for a m-preinvex function via W-RLFIO.

Theorem 3.1. Let I C R be an open and non-empty m-invex subset w.r.t. I1 : I X I — R and v1,¢y € I with my; <
mey + (v, 01, m). If (9 : [mey,mey + I (xa, 11, m)] — R is a m-preinvex function and © € L[mzy,mey + I (22, ¢, m)]
and 11 satisfies extended condition C. Also suppose ¥(w) be positive function and increasing on (mzy, mey + I (22, ¢y, m),
having a continous drivative Y(w) on (mry,me; + (2,71, m) and @ € (0, 1), then

1
@(mZI + EH(ZZ, 1, m))

F@+1) o
< Sty o ey (oW (1 + Tz, 21, m)

L 411y (QOWN ™ (me )]
< (Q(mzl) + (Q(mzl + I(zp, 21, m) < (C)(mz]) + (Q(Zz)
< > < > .
Proof. Since © is m-preinvex on [mz|, mz; + I1 (23,71, m)], we can write
O(mw) + O(z)
5 .

Using w = mey + (1 — 0)I1(x2, ¢y, m) and z = mey + 6ll(xp, ¢y, m) in (2), we have

@

O@mw + %H(Z, w, m)) <

1
O@mry + (1 = 0)(x2, 71, m) + EH(mn + 0Il(z2, 21, m), mzy + (1 = O)(xa, 21, m)))

< @(I’l’lll + (1 — 6)H(Z2, 1, m)) + @(mzl + 6H(Z2, 71, m)
= ) .

Employing extended Condition C in (3), we have

3

1
O@mey + EH(rz,n,m))

< @(le + (1 - 6)H(Z2, zl,m)) + (C)(mzl + 5H(Z2, zl,m))
= ) .

4)
Multiplying inequality (4) by 6%~ then integrating over [0, 1], we attain

2 1

= O@mry + =1(x2, 71, m))

a 2

1 1
< f 5" 'O@mzy + (1 = 6)I(zp, ¢y, m))ds + f 8* 1 O(mz, + 611(xa, 21, m))d6.
0 0

Next

r 1
%[ 1 (©op ey + Tt )] + 1% (©@op (m)

Ve +101% (20,21 ,m)
= et v ﬁ (mzy + (g, 71, m) = Y()* (OQop) (' (w)dp
(Zz, 1, m)

L(mer)

W (mey +11% (22,01 ,m)
+ f W) — me)* Qo) (w)du]

Yl (mey)
a

1 1
= E f 6071(9(1’”11 + (1 - 6)H(Z2, 4 m))d6 + f 6071((’)(771'{1 + (SH(Zz, 1, m))d6 (5)
0 0

From the inequalities (4) and (5), we get

NCRSV.
O(mzx; + H(‘c’z,zl,m)) < m[ wd(/mz])+

+ [Iz L/(jmlﬁn(lz v1,m))” ((QOW)I// (mzl)]- (6)

((901!/)17[’ (le + H(ZZ, 1, m))]
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For the second inequality, we have
(Q(mzl + 0l(z, 21, m)) = @(le + (2, 21, m) + (1 = O)Il(mzy, mey + 61l(za, 21, m)))
< O(mey + (e, 21,m) + (1 — 0)O(mxy). @)
and
((’)(mZ| + (1 - 5)H(Z2, 1, m)) = (Q(mz] + H(Zz, (4 ,m) + 6H(mz] ,mey; + H(ZQ, (4 ,m)))
< (1 =8)O(mey + (zz, 71, m)) + 6O(mzy). ®)
From the inequalities (7) and (8), we get
O(mey + (g, t1,m)) + O(mey + (1 — O)I(zp, 11, m)) + 5O(mry))
< O(mzy) + O(mey + Mz, ¢, m)). ®
Then, multiplying inequality (9) by 6! and integrating over [0, 1], we obtain
1 1
f 8 O(mry + 61(xa, vy, m))dS + f 57 O(mry + (1 — (xa, 71, m))dS
0

0
< O(mey) + O(mey + (o, 21, m)

[0

(10)

From the inequalities (6) and (10), we get
I'a+1) [
211 (zp, 11, m) ’”“V
-1
+ I‘ﬁ (mey +11(z2,71,m))~ ((90!/’)111 (mzl)]
< (Q(mzl) + (Q(mzl + I1(z2, 21, m)) < (Q(WZZ]) + (9(22)
< o < > .

(Qoy)y " (mzy + T(xa, 11, m))

This completes the proof.

4. GENERALIZATION OF H-H-TYPE INEQUALITY VIA ¥Y-RIEMANN-LIOUVILLE
FRACTIONAL INTEGRAL OPERATOR
Lemma 4.1. Let I and 11 are defined in Theorem 3.1. Suppose that ¥ : I — R be a differentiable function. If ¥’ is

m-preinvx and V' € L([mz,mey + (22,21, m)]. Also suppose Y(w) is a positive monotone and increasing function on
(mzy,mey + 1 (20,21, m), having a continous drivative Y(w) on (mzy,mzy + 1 (22,21, m) and a € (0, 1), then

O@mzy) + O(mry + (e, ¢, m)) I'a+1) o
a B ZHH(TZ,Zl,m)[ Y (mz|)+((QOW)lﬁ (mz] + H(Zz, Z],m))

+I ey + 112,21 my)- QO™ (mzl)]

W (mey +11 (20,01 m)
= — f L) = me1)* = iy + T2, e1,m) = 940 ) o)W ()
(Tz, 0, m)

!(mer)

= w f ((1 =06 = 6MO (mry + (1 — O)(xy, 71, m))d6,
0

where a € (0,1],6 € [0, 1].

Theorem 4.1. Let I and 11 are defined in Theorem 3.1. Suppose that ¥ : I — R be a differentiable function. If ¥’ is
m-preinvx and V' € L([mz,mey + (22,71, m)]. Also suppose Y(w) is a positive monotone and increasing function on
(mey,mey + 1 (20,21, m), having a continous drivative WY(w) on (mzy,mzy + 1 (22,21, m) and @ € (0, 1), then

O(mzy) + O(mzy + (g, 11, m)) Ta+1) B
2 - 2Ha('Z2,Zl,m)[ v (mey ) ((QOW)w (mzy + (2, 21, m))
1
11 q ’ q\q
+Il// Yy +1(2a,¢ m))*(@ol,b)(mll)] < (ZZ’ZI’ml) (l(C) (le)| * |© (Z2)| ) )
e 2ap + 1)» 2

where p’l +q[’1 =1l,g>1Lae(,1]
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Proof. By using Lemma 4.1, we get

O@mzy) + O(@mz; + (e, ¢, m)) INa+1) - -1
‘ 2 © 2009(z, 21, m) L (O Cmey + TGz, 21, )

ay
+ It//"(mz] +(x2,71,m))" (Ooy)(mz, )]'

< (22,21, m)

1
< > f 6% — (1 = &)YO (mzy + SI(xa, t1, m))|dS.
0

By applying Holder inequality, we get

O@mzy) + O(mz; + (za, 71, m)) La+1) [0y B |

‘ 2 - 201%(za, 71, m) [wal(mzl), ((QOlﬁ)lﬂ (mey + (2, 11, m))
.y

+ Ilflil(mll+n(22,zl,m))* (Qow)(mzl):l

1

| 5 | :
< M(I 169 — (1 — &) d6) (f |0 (mey + 6T1(e2, 21, m)|* d6)
0 0

1 } 1 :
< Hznm ( fo |(1—26>|‘”’d6) ( fo ((1—6>|<9’<mz1)|q+6|<9’<z2>|">)

_ MG, t1,m) 7 (1O (man)l? +10" ()l ¢
2(ap + 1) 2 ’

This completes the proof.

5. APPLICATION TO SPECIAL MEANS:
We recall the following means for two real numbers ¢y, ¢3, ¢ # 3.

o+

A(r1,02) = >

, 71,02 €ER,

2
H(z1,0) = TomnE R\{0},

1°

7] (%)
7 — 1
L(zi,t2) = ————— |oi| # |alst172 € Ry 1120 # 0,
Inlra| = Infzy|
L+l +1 n
L = | =2 | e AL 0Lt € Ry # 1.
(n+ D)(za —71)

Proposition 5.1. Let mzy, mey + [(zp,71,m) € RT,myy < mey + (zp, 21, m). Then

1
(n=1)q (n=1)g\q
nll(z, ¢, m) | me -t
|A(mz}, (mzy + Tz, 11, m))") = Li(mzy, (mey + (g, 11, m))| < L ( 1 2 ] :

2p+ 1)r 2
Proof. f « =m =1, ¥Y(w) = wand O(w) = w", in Theorem 4.1, then we derived the result.

Proposition 5.2. Let mry, mey + (zp,71,m) € RT,my; < mey + (xp, 71, m). Then

1
|A(emzl emzl+]'[(zz,z],m)) _ L(emzl emzl+ﬂ(zz,z],m))| < H(ZL 71, m) (eZIq + elzq)q
b k] _ .

2p + )r 2
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Proof. Ifa=m=1,¥Y(w) =w, and O(w) = €" in Theorem 4.1, then we derived the result.

Proposition 5.3. Let mry, mey + I(za, 11, m) € RY, mzy < mey + (xp, ¢, m). Then
(2, 2y, (1 1
|H™ (mzy, mzy + (g, 21, m)) = L™ (mey, mey + (e, v, m)| < (Q—Zln?) [_ (T + TH
2p+ e 27 5t

Proof Ifa=m=1,¢¥(w) =wand O(w) = 1, in Theorem 4.1, then we derived the result.

W

6. CONCLUSIONS

Fractional calculus has sparked the interest of multiple authors as well as scholars from a wide range of fields. Convexity
theory allows us to create new, innovative numerical model frameworks that may be utilized to tackle a wide range of
problems in the applied and pure sciences. Thus, convex analysis and its associated inequalities are growing in academic
attention and appeal due to several advancements, modifications, and uses.

In this work:

(1) We investigated a new sort of H-H inequality via W-RLFIO.

(2) We introduced a new lemma. Further, we discussed a new refinements of the H-H inequality based on newly
constructed lemma.

(3) We introduced mean type applications in the frame of the W-RLFIO .
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