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Abstract: Tuberculosis (TB) remains a significant public health challenge worldwide, exacerbated
by the complex and persistent nature of Mycobacterium tuberculosis infection. Traditional integer-
order models provide insight into TB transmission and control but may fall short in capturing the
nuances of disease progression and memory effects inherent in biological systems. This study presents
a fractional-order mathematical model of TB dynamics to better reflect the complexities of TB infec-
tion, latency, and progression. Utilizing fractional calculus, the model introduces a novel approach
that accounts for memory and hereditary properties, offering a more accurate representation of dis-
ease transmission and latency. Analytical methods are applied to explore the behavior of the disease
dynamics. Numerical simulations validate the model’s effectiveness in describing TB dynamics. The
fractional-order TB model has the potential to inform more effective intervention strategies and im-
prove predictions of long-term outcomes.
Keywords: Drinking Model; Tuberculosis, Fractional-order model, Mathematical Modeling, Numer-

ical Analysis.

1. Introduction

Tuberculosis (TB), caused by the bacterium Mycobacterium tuberculosis, remains one of the lead-
ing causes of infectious disease mortality worldwide [1, 2, 3]. Despite global efforts to reduce its inci-
dence, TB continues to pose a public health burden, particularly in low- and middle-income countries
[4, 5]. Traditional mathematical models have played a critical role in understanding TB dynamics, in-
forming policymakers, and aiding in the design of effective control strategies [6, 7]. However, many of
these models rely on integer-order derivatives, which, while useful, may not fully capture the complex
dynamics of TB infection and progression. Biological systems often exhibit memory and hereditary
characteristics, particularly in the case of chronic infectious diseases like TB, where the latency period
and immune response play essential roles in disease spread and control. Fractional calculus, which
extends traditional integer-order differentiation to non-integer orders, provides a more flexible frame-
work to model these memory effects. Fractional-order models have shown promise in various fields
of epidemiology by capturing the long-term dependencies and memory effects observed in disease
dynamics [8, 9, 10, 11, 12, 13, 14, 15]. In this study, we develop a fractional-order TB model that
integrates these unique properties, offering a more nuanced view of TB dynamics. This model dis-
tinguishes itself by incorporating fractional-order derivatives to simulate the latency and progression
of TB in a population more realistically. By extending classical models with fractional calculus, we
aim to explore how fractional orders can provide new insights into TB transmission and persistence.
Through a combination of theoretical analysis and numerical simulations, this study seeks to illustrate
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the advantages of fractional-order modeling in capturing TB dynamics under various epidemiological
conditions. By examining how different fractional orders influence disease progression and latency,
our approach provides an adaptable framework for understanding TB and other complex infectious
diseases. This work contributes to the expanding field of fractional epidemiological modeling and
opens pathways for further research into the applications of fractional calculus in public health.

2. Preliminaries

In this section, we introduce certain definitions and properties of fractional integrals and derivatives,
which will be utilized subsequently.
definition 1 Let α ∈ R, n− 1 < α ≤ n, n ∈ N, and f (t) an absolutely continuous function on the
interval [0,∞). The Caputo fractional derivative of order α is defined as follows [16, 17]:

c
0Dα

t f (t) =
1

Γ(n−α)

∫ t

0
(t− s)n−α−1 f (n)(s)︸ ︷︷ ︸

Kernel and higher-order derivative of f (t)

ds, t ∈ [0,Tf ], α ∈ (0,1],

where f (t) is an n-times differentiable function, and Γ(x) is the Gamma function:

Γ(x) =
∫

∞

0
e−z zx−1︸ ︷︷ ︸

decaying exponential and power function

dz, Re(z)> 0.

definition 2 The Riemann–Liouville fractional integral of order α > 0 for a function f (t) is defined by
[16, 17]:

RL
0 Iα

t f (t) =
1

Γ(α)

∫ t

0
(t− s)α−1 g(s)︸ ︷︷ ︸

Kernel function and f (t)

ds, t ∈ [0,Tf ],

which exists almost everywhere for any integrable function f (t).
The Riemann–Liouville integral and the Caputo fractional derivative operators satisfy the following
key property:

RL
0 Iα

t (c
0Dα

t f (t)) = f (t)−
n−1

∑
k=0

f (k)(0)
tk

k!︸ ︷︷ ︸
Polynomial of lower-order terms

, n−1 < α ≤ n.

definition 3 The Mittag–Leffler functions, which play a significant role in fractional calculus, are
defined as follows:

Eσ (w) =
∞

∑
k=0

wk

Γ(1+ kσ)
, σ ∈ C, Re(σ)> 0, w ∈ C,

and its generalized form

Eσ ,ς (w) =
∞

∑
k=0

wk

Γ(ς + kσ)
, σ ,ς ∈ C, Re(σ),Re(ς)> 0, w ∈ C,

are called the generalized Mittag–Leffler functions [18].
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Symbol Description Type
S (t) Susceptible individuals at time t Variable
A (t) Asymptomatic (Latent TB) individuals at time t Variable
C (t) Symptomatic (Active TB) individuals at time t Variable
T (t) Individuals under TB treatment at time t Variable
R(t) Recovered individuals (after successful treatment) at time t Variable
N (t) Total population at time t Variable
M α Recruitment rate of susceptible individuals Parameter
bα Rate of transmission of TB from symptomatic to susceptible Parameter
µα Natural death rate (applies to all compartments) Parameter
rα Rate of reactivation of latent TB to active TB Parameter
δ α Rate at which active TB individuals are treated Parameter
σα Rate of recovery for individuals under treatment Parameter
γα Recovery rate of treated individuals moving to recovered class Parameter
dα Death rate due to TB for symptomatic individuals Parameter

Table 1: Variables and Parameters for the Fractional-Order Tuberculosis (TB) Model

3. Model Formation

The fractional-order Tuberculosis system of equations is given by:

Dα
t S (t) = M α + rαR(t)− bαS (t)

N (t)
A (t)−µ

αS (t),

Dα
t A (t) =

bαS (t)
N (t)

A (t)−µ
αA (t)−δ

αA (t)C (t),

Dα
t C (t) = δ

αA (t)C (t)−µ
αC (t)−σ

αC (t)−dαC (t),
Dα

t T (t) = σ
αC (t)− γ

αT (t)−µ
αT (t),

Dα
t R(t) = γ

αT (t)−µ
αR(t)− rαR(t),

(1)

where
S (t)+A (t)+C (t)+T (t)+R(t) = N (t), 0 < α < 1.

4. Analysis of the Model

Theorem 1 The fractional-order system in (1) possesses a unique, bounded solution.

Proof. We begin by analyzing the total derivative of the system (1):{
Dα

t N (t) = M α −µ
α(S (t)+A (t)+C (t)+T (t)+R(t))−dαC (t),

= M α −µ
αN (t)−dαC (t).

Applying Grnwalls inequality with the initial condition N (t0) ≥ 0, and taking the Laplace transform
L {·} on both sides, we obtain:

L {Dα
t N (t)+µ

αN (t)} ≤L {M α} .

This results in the following in terms of the Laplace variable s:
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
L {N (t)}(sα +µ

α)≤
n−1

∑
m=0

sα−m−1N (m)(t0)+
M α

s(sα +µα)
,

L {N (t)} ≤
n−1

∑
m=0

sα−m−1

sα +µα
N (m)(t0)+

M α

s(sα +µα)
.

Using partial fractions, we expand as follows:

L {N (t)} ≤M α
µ

α

1
s
− 1

s
(

1+ µα

sα

)
+ n−1

∑
m=0

1

sm+1
(

1+ µα

sα

)N (m)(t0).

Next, apply the Taylor expansion:

L {N (t)} ≤M α
µ

α

[
1
s
− 1

s

∞

∑
n=0

(
−µα

sα

)n
]
+

n−1

∑
m=0

∞

∑
n=0

(
−µα

sα

)n N (m)(t0)
sαn+m+1 .

Now, to express the solution, we introduce the Mittag-Leffler function from Definition 2:

Eα,β (z) =
∞

∑
k=0

zk

Γ(αk+β )
, α > 0, β > 0.

Hence, the inverse Laplace transform gives:

N (t)≤M α
µ

α [1−Eα (−µ
αtα)]+

n−1

∑
m=0

Eα,m+1 (−µ
αtα)N (m)(t0)tm.

Since the series of Mittag-Leffler functions Eα (−µαtα) and Eα,m+1 (−µαtα) converge, N (t) is
bounded.

Next, we express each equation of the system in the general form:

Dα
t Y (t) = G (t,Y ), Y (0) = Y0.

To prove uniqueness, we check the Lipschitz continuity of G :

|G (t,Y )−G (t,Y ∗)|= |P(Y )+Q(Y )+ r− (P(Y ∗)+Q(Y ∗)+ r)| ≤M‖Y −Y ∗‖.

Here, M = (|P|+1) and M |Y (t)−Y ∗(t)|< ∞.
Since G is Lipschitz continuous and bounded, we apply the Banach fixed-point theorem to confirm that
the system admits a unique solution. Using the Picard-Lindelf theorem, we conclude that the system
has a unique, bounded solution in the biologically feasible domain:

Ω =

{
(S (t),A (t),C (t),T (t),R(t)) ∈ R5 |N (t)≤M α

µα
[1−Eα (−µ

αtα)]

}
.

5. Numerical Analysis

In this section, we present the numerical scheme used to solve the fractional-order tuberculosis (TB)
model introduced in (1). The system of fractional differential equations (FDEs) is solved using the
predictor-corrector PECE (Predict-Evaluate-Correct-Evaluate) scheme of the AdamsBashforthMoul-
ton type. This method is chosen for its efficiency in handling the non-local memory effects associated
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with fractional derivatives. The scheme provides a balance between accuracy and computational com-
plexity, making it well-suited for simulating the dynamics of infectious diseases like TB. We begin by
considering a general fractional differential equation (FDE) of the form:

C
0 Dα

t Y (t) = f (t,Y (t)), (2)

where C
0 Dα

t denotes the Caputo fractional derivative, 0 < α < 1, and Y (t) is the state variable to be
solved over a time interval [t0, t f ]. The numerical solution of this equation is obtained using a constant
step size h, and the fractional derivative is discretized using the AdamsBashforthMoulton method.

5.1. Predictor-Corrector Method Applied to the TB Model
The fractional derivatives are interpreted in the Caputo sense, and the predictor-corrector method

is applied to each equation.
Let h be the step size, tn = nh, and let Yn = Y (tn) denote the numerical approximation at step n, for
Y ∈ {S ,A ,C ,T ,R}.

Predictor Step:
For each variable Y (t), the Adams-Bashforth predictor formula at tn+1 is given by:

Ypred(tn+1) = Y (t0)+
hα

Γ(α +1)

(
n

∑
j=0

bn− j f j(S ,A ,C ,T ,R)

)
, (3)

where f j(S ,A ,C ,T ,R) represents the right-hand side of the corresponding equation for Y evalu-
ated at t j, and bn− j are coefficients based on the fractional order α .
For the TB model (1), this translates to:

Spred(tn+1) = S (t0)+
hα

Γ(α +1)

(
n

∑
j=0

bn− j

(
M α + rαR j−

bαS j

N j
A j−µ

αS j

))
,

Apred(tn+1) = A (t0)+
hα

Γ(α +1)

(
n

∑
j=0

bn− j

(
bαS j

N j
A j−µ

αA j−δ
αA jC j

))
,

Cpred(tn+1) = C (t0)+
hα

Γ(α +1)

(
n

∑
j=0

bn− j
(
δ

αA jC j−µ
αC j−σ

αC j−dαC j
))

,

Tpred(tn+1) = T (t0)+
hα

Γ(α +1)

(
n

∑
j=0

bn− j
(
σ

αC j− γ
αT j−µ

αT j
))

,

Rpred(tn+1) = R(t0)+
hα

Γ(α +1)

(
n

∑
j=0

bn− j
(
γ

αT j−µ
αR j− rαR j

))
.

(4)

Corrector Step:
The corrector formula refines the predictor using the Adams-Moulton method:

Y (tn+1) = Y (t0)+
hα

Γ(α +2)

(
f0 +

n

∑
j=1

an− j+1 f j + fn+1,pred

)
, (5)

where fn+1,pred is the value of the right-hand side evaluated at the predicted values.
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For the TB model (1):

S (tn+1) = S (t0)+
hα

Γ(α +2)

(
f0 +

n

∑
j=1

an− j+1 f j + fn+1,pred

)
,

A (tn+1) = A (t0)+
hα

Γ(α +2)

(
f0 +

n

∑
j=1

an− j+1 f j + fn+1,pred

)
,

C (tn+1) = C (t0)+
hα

Γ(α +2)

(
f0 +

n

∑
j=1

an− j+1 f j + fn+1,pred

)
,

T (tn+1) = T (t0)+
hα

Γ(α +2)

(
f0 +

n

∑
j=1

an− j+1 f j + fn+1,pred

)
,

R(tn+1) = R(t0)+
hα

Γ(α +2)

(
f0 +

n

∑
j=1

an− j+1 f j + fn+1,pred

)
.

(6)
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Figure 1: Contour plot of system (1) for 0 < α < 1.

6. Conclusion

In this study, we developed and analyzed a fractional-order mathematical model for tuberculosis
dynamics, incorporating the Caputo derivative to capture memory effects and long-term influences on
the progression of the disease. The model accounted for five distinct compartments representing the
susceptible, asymptomatic, symptomatic, treated, and recovered populations. By varying the fractional
order, we demonstrated how the rate of disease spread, treatment, and recovery can change under time
and influence of α as seen through Figures 1, 2 and 3. Our results showed that fractional calculus
provides a flexible and powerful framework for studying the transmission dynamics of infectious dis-
eases like TB, allowing for more realistic and dynamic modeling compared to integer-order systems.
The simulations revealed key insights into how the disease propagates in a population, with notable in-
teractions between the asymptomatic and symptomatic compartments. The fractional-order approach
enabled us to model the slower spread and progression of the disease, as well as the effects of treatment
and recovery. The sensitivity of the system to changes in the fractional order highlights the importance
of considering non-integer dynamics in real-world epidemiological modeling. This study emphasizes
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Figure 2: Two dimensional plot of system (1) for α values: 0.7,0.75,0.8,0.85,0.9,0.95.

Figure 3: Three dimensional plot of system (1) for 0 < α < 1.
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the importance of fractional-order models in epidemiology, particularly for diseases like TB, where
traditional models may not fully capture the complexity of disease progression. Future research could
explore the incorporation of additional factors such as optimization control, drug resistance, and co-
infections, further enhancing the applicability of fractional calculus in public health modeling and
decision-making.
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